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and cones. However, more accurate results could be ob-
tained for blunt-nosed bodies.

8) For cones used as decelerators, large drag reductions
can be realized due to the wake-like nonuniform freestreams.
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Shock-Capturing, Finite-Difference Approach to
Supersonic Flows

PAUL KUTLER* AND HARVARD LoMAxf
NASA Ames Research Center, Moffett Field, Calif.

Three-dimensional, inviscid, supersonic flow containing primary and embedded shock and
expansion waves is determined over and behind simple wings and wing-body combinations.
The nonlinear gas-dynamic equations are differenced according to a method proposed by Mac-
Cormack which is a variation of the Lax-Wendroff technique. Progressive development to-
ward aircraftlike configurations is made by obtaining results for the flow over cones at large
incidences, conical wing-body combinations, the flow over and behind pointed ogives, cone-
cylinders, and planar delta wings at angle of attack. Comparisons are made with other ap-
plicable theories and when possible with experiment.

Introduction

MANY numerical techniques used to compute supersonic
flowfields about simplified configurations have been de-

veloped in recent years. These techniques are based on both
the Eulerian and Lagrangian systems and their combination.
No attempt is made here to mention them all or to weigh their
individual merits; rather, a few of them are referenced in
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order to bring out a perspective for the one particular ap-
proach that was used to compute all of the cases shown in the
main body of this paper. The objective is to show that this
one simple, rapid, and easily applied method can be used as a
"production tool" to generate accurate solutions for the flow
over and behind a wide variety of wings, bodies, and wing-
body combinations with surrounding and embedded shock-
waves.

Two distinct approaches are used in practice to compute
multishocked flows. One is referred to as a sharp-shock
technique and the other as a shock-capturing technique.
Sharp-shock techniques isolate all shock waves by some logical
procedure and apply the Rankine-Hugoniot shock relations
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across them to identify their strength. Shock-capturing
techniques, on the other hand, advance the initial data
through a fixed Eulerian mesh, applying boundary conditions
only at the body and in the free stream. Shock and expan-
sion waves must form and decay automatically without
special treatment of any kind.

The acceptance of shock-capturing numerical methods is
far from universal, the principal objections being their in-
ability to resolve the shock location with absolute precision,
and their tendency to give spurious fluctuations for the mag-
nitudes of the dependent variables in the vicinity of the shock.
The purpose of this paper is to show by examples what can be
expected when second-order, shock-capturing methods are
used to compute the supersonic flow about two- and three-
dimensional aerodynamic objects. The first few sections of
this paper introduce the governing equations and the dif-
ferencing scheme used to solve them and also describe a series
of results obtained by a shock-capturing technique for rela-
tively simple aerodynamic shapes, such as cones at angle of
attack, pointed ogives, and cone-cylinders. These are com-
pared with results from other methods and with experiment;
they provide a basis for establishing the reliability of the pro-
posed method. The later sections are concerned with flow
about a conical wing-body combination having angle of attack
and dihedral, and the flow surrounding and trailing a lifting
supersonic-edged delta wing. The majority of computations
were performed on an IBM 360/67 linked with a cathode ray
display tube (CRT). The CRT, which possesses man-
machine interaction capability, was used to study the flow
field as it developed and to control any numerical instabilities
that evolved.

Generalized Flow Equations

The gasdynamic equations for steady inviscid flow of a non-
heat-conducting, perfect gas can be written in dimensionless,
conservation law form for a generalized orthogonal coordinate
system as follows:

Er + F,'+ G{ + H = 0 (1)
where
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f, 77, and J are the independent variables, k = (7 — l)/27,
and hij hz, and ^3 are the arcual derivatives (metric coef-
ficients) .

Equation (1) represents the continuity and three momen-
tum equations in which pressure and density were made di-
mensionless with respect to freestream stagnation conditions,
and velocity with respect to the maximum adiabatic velocity.
Under the above assumptions the energy equation can be
written in the following dimensionless form:

p = p(l - #2) (2)

where

Finite-Difference Scheme

The success of a numerical shock-capturing method in
correctly predicting complicated flowfields depends on a
proper formulation of the governing partial differential equa-
tions and a proper choice of the differencing scheme used to
compute them. It is generally accepted by those who use
these methods that success in predicting the proper location
of a moving shock requires the use of differential equations
that have been cast in divergence or conservative form as in
Eq. (1). There appears, however, to be no general acceptance
of a universal differencing scheme even when the order of
numerical approximation is specified. A survey of various
first- and second-order schemes1 led the authors to conclude
that first-order schemes are not acceptable for their purposes,
and that of all second-order schemes proposed, the predictor-
corrector combination proposed by MacCormack2 is best.
The criteria used to arrive at this judgment were ease of pro-
gramming, required computing time, required machine stor-
age, accuracy of results between shocks, and accuracy of
locating the shocks and determining their intensity and def-
inition. It is interesting that one of the principal proponents
of sharp-shock techniques3 also suggests that MacCormack's
scheme is at least as good as any other second-order method
for computing continuous portions of a flowfield.

In terms associated with studies devoted to the numerical
integration of ordinary differential equations, MacCormack's
method can be related to an Euler predictor followed by a
modified Euler corrector; thus,

Un+l = Un ~\- Atu'n (3a)

Un+l = Un + jA£(u'n + U* n+l) (3b)

where A£ is a step size, and u'n is the derivative of un which is
a function of the single independent variable t. It is easy to
see (but not often stated) that the second equation can also be
written

and it is also evident that (in its implicit form) Eq. (3b) is
basic to the well-known Crank-Nicolson integration tech-
nique often used for parabolic differential equations. If we
apply Eqs. (3a) and (3c) to the simple, linear, hyperbolic
equation

ut + cux = 0 (4)
we find

Un+l = Un —

(5)
Un+i = + Un+i - C t u x n + l

MacCormack's method follows if the spatial derivative is re-
placed by a forward difference in the predictor and a back-
ward difference in the corrector; thus, superscripting the
time index n and introducing the space index j as a subscript

Ujn+l = Ujn — v(

(6)
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where v = c&t/Ax and is often referred to as the Courant
number.

If MacCormack's scheme is used to difference Eq. (1),

£/,*-i"+1) - #y,^+1An (7)
where Ejjk

n = E(n&£,j&ri, /cA£) and T^,*", (7;,^, #,-,** repre-
sent F ( E j t k

n ) , etc. Several variations of the scheme are
apparent and follow from interchanges of the forward and
backward space differences. Simple tests1 show that these
different forms give slightly different results, depending upon
the direction in which the shock is traveling within the mesh.
A forward difference in the predictor should be used, if pos-
sible, with a forward-moving shock. To remove this prefer-
ential behavior, the forward-backward order of the space dif-
ferencing can be cyclically permuted as n increases.

Cone at Angle of Attack

When the angle of attack of a cone in a supersonic flowfield
is increased such that supersonic crossflow velocities result,
embedded shock waves may form on the lee side of the cone.
This problem, although involving multishocks, poses no
special difficulty for a shock-capturing technique.

The problem concerning a cone at small incidence is not
new. Early solutions8"11 involved several simplifying as-
sumptions, which sometimes yielded analytical solutions.
However, the assumptions imposed were sometimes not
justified, and the error introduced could not as a rule be deter-
mined. More recent numerical solutions,12"18 in which the
angle of attack is on the order of the cone half-angle, were
found using a finite-difference approach in conjunction with a
shock fitting procedure. None, however, found embedded
shock waves.

The method of solution used here will be described briefly.
Equation (1) is cast into the body-oriented coordinate system
shown in Fig. 1 in which x lies along the body, y is perpendicu-
lar to the body, and <£ is the meridional angle. Body coordi-
nates are chosen to facilitate the addition of a nonconical
afterbody. The metric coefficients for this system are hi —
1 + y/Rbj hz = lj hz = T where Rb is the lengthwise radius of
curvature of the body and r is the cylindrical radius. Sub-
stituting this information into Eq. (1), and setting Rb = °° ,
results in the governing set of partial differential equations to
be solved. A finite-difference network is set up in the (?/,</>)
plane in which Ay and A$ are constant. In the y direction
the mesh begins one mesh point inside the body (y = — Ay or
,7 = 1) and extends to a point well into the freestream (y =
2/max or j = NY2). Since there is a plane of symmetry in this
problem, it is only necessary to determine the flowfield on
one side of the cone. Thus, in the </> direction the mesh be-
gins at <t> = — A<£(& = 1) and terminates at <f> = 180° +
A<£ (k = N<t>3).

The initial conditions are supplied by using the values-of the
flow variables in the freestream for the entire grid. Boundary
conditions at the body are that the normal component of
velocity is zero and all the remaining dependent variables are
reflected (i.e., are assumed to be locally even functions with
respect to the body). No attempt was made to resolve the
entropy layer associated with conical flow. The partial dif-
ferential equations are differenced and then integrated numeri-
cally from x = 1 to x = 2 at which time under the conical
flow assumption, the distance between the shock and the
body will have doubled . The flow variables are then l 'stepped
back" to x = 1 by taking the values at every other point in
an array computed at x = 2 and feeding them back con-
secutively into an array for x = 1. Only the lower half of the

Fig. 1 Coordinate system and mesh description for cone.

mesh points at x = 1 are reinitialized by this procedure.
The rest are assigned freestream values. This entire proce-
dure is repeated cyclically until there is little change between
the flow variables at x — 2 for two subsequent cycles, at
which time the solution is assumed to have converged.

Computational results were obtained which describe the
flowfield about a 10° half-angled cone in Mach 5 flow for
angles of attack from 0° to 15°. To demonstrate the ability
of the shock-capturing technique to predict the flowfield ac-
curately about a cone, the meridional surface pressure dis-
tribution for the 5° angle-of-attack case is compared in Fig. 2
with the results of Babenko13 who used a 20 by 16 grid,
Jones17 who used a 10 by 8, and Moretti18 who used a 6 by 10.
The computations using the shock-capturing technique were
performed using first a 16 by 10 and then a 32 by 20 grid with
no apparent difference in the solutions. The computation
time for the 16 by 10 grid case was approximately 2 min on an
IBM 360/67 linked with the CRT. Results are also com-
pared with those of Babenko for the 0°, 2.5°, and 7.5° cases in
Fig. 2. The agreement is excellent. It should also be men-
tioned that the location and intensity of the shock wave were
predicted quite accurately by the present method. As the
angle of attack is increased, it is observed that at 12° a weak
embedded, crossflow shock wave begins to form near the 155°
meridional plane. As the angle of attack is increased further
to 14° and then 15°, it intensifies and thus becomes more
clearly defined.

Nonconical Bodies

In this section a shock-capturing technique is used to de-
termine the supersonic flowfield above and behind pointed

6 8 100 120
MERIDIONAL ANGLE, <j>, deg

Fig. 2 Comparison of surface pressure distributions with
sharp-shock theories.
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Fig. 3 Shock shapes and normal pressure distributions
for two-dimensional and axisymmetric bodies.

ogives (both two-dimensional and axisymmetric) and cone-
cylinders at zero incidence. The object of this study was to
determine how well this technique predicted the location and
intensity of attached and embedded secondary shock waves
when used as a marching ahead technique similar to the
method of characteristics. The computational results ob-
tained, when possible, are compared with experiment and the
method of characteristics. The same body-oriented coori-
nate system is used here as was used in the cone at angle-of-
attack problem. The difference between the two problems is
in the equation describing the variation of the cylindrical
radius, r, with distance along the body, and the radius of
curvature of the body, Rb.

Since the angle of attack is zero, the flow is axisymmetric,
and it is only necessary to set up a grid in the y direction or in
the direction normal to the body. For the pointed ogive the
exact shape was assumed to be a circular arc afterbody with
either a wedge-shaped or cone-shaped nose. For both the
pointed ogive and the cone-cylinder, the integration begins at
the transition point between the cone and the afterbody.
The initial data for the flow variables in the grid are supplied,
therefore, by using a converged solution generated by the cone
program of the previous section.

Mm = \A\
cr = 6.46°
• EXPERIMENT (LRC)

° SHOCK-CAPTURING TECHNIQUE
— WHITHAM

1.0 2.0
EQUIVALENT

BODY OF REVOLUTION

^

1.0 2.0 2.4

h = ALTITUDE

=CONST

EXPANSION
WAVE

RECOMPRESSION
SHOCK

For this particular problem three different approaches are
tried for numerically simulating the surface boundary condi-
tions. The first scheme simply makes use of the reflection
principle in which pressure, density, and the tangential veloc-
ity are assumed locally to be even functions with respect to
the body, while the normal velocity is assumed locally to be an
odd function. The second scheme entails a local application
of the method of characteristics. Since the governing set of
partial differential equations is hyperbolic, there exists a cor-
responding set of characteristics which can be used to deter-
mine the flow conditions on the body from field data just
above the body.18 The third approach is similar to that used
in the cone problem. The pressure at the body is determined
using the reflection principle, while the density and tangential
velocity are determined from the constant entropy assump-
tion at the body. It should be pointed out that the second
and third approaches are not applicable during the formation
of an attached secondary shock because constant entropy was
assumed in their development. It was found that the sur-
face pressure and density distributions obtained for moder-
ately curved bodies did not differ significantly for the three
different boundary condition schemes.

In order to approximate the method of characteristics as
closely as possible (satisfy the shift condition4), it is desirable
to use the largest possible step size while still maintaining a
stable solution. The stability criteria for MacCormack's
method based on the associated amplification matrix is

y < const/|o-max|

Fig. 4 "N"-waves generated by cone-cylinder.

(8)

where const = 1 and o-max is the maximum eigenvalue of the
coefficient matrix of the gasdynamic equations, and is given
by the following equation for body coordinates:

^2 - c2)} (9)

where 5C = 1 + y/Rb and c is the local speed of sound.
Preliminary experimentation seems to indicate that Eqs. (8)
and (9) predicted a larger step size than was actually possible.
Plots of the actual and theoretical maximum allowable step
sizes varied only by a constant, generally slightly below
unity. The optimum step size that would yield the best
possible solution could therefore be predicted.

With a fixed mesh system it is possible for the maximum
eigenvalues to occur anywhere in the flowfield, including the
freestream. It is interesting that when the maximum eigen-
value occurred in the vicinity of the leading edge or bow shock,
such as in the case with the pointed ogive, the constant in Eq.
(8) was less than unity (0.98). However, when the maximum
eigenvalue occurred within the shock layer, for example in the
expansion region surrounding a cone-cylinder, the constant
was unity. This meant that at that point in the flowfield the
shock-capturing technique was identical to the method of
characteristics.

Because of the coordinate system chosen for this problem,
the leading-edge shock wave moves upward throughout the
fixed mesh as the integration proceeds downstream. When
the leading-edge shock approaches the upper boundary of the
mesh, the value of Ay (the distance between two mesh points)
is doubled, and the flow variables at every other mesh point
are discarded. This procedure has an apparent smoothing
behavior, but no appreciable loss in accuracy is incurred by
using it.

The ability of a shock-capturing technique to predict the
location and intensity of secondary shocks is demonstrated by
the results shown in Figs. 3 and 4. Figure 3 shows the pres-
sure distribution along vertical lines at various stations be-
hind the body, and both leading and trailing-edge shocks for a
circular arc airfoil in Mach 2 flow. It also shows similar
pressure distributions behind a pointed ogive in Mach 5 flow.
Both cases are compared with solutions computed by the
method of characteristics.15 For both the two-dimensional
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and axisymmetric flowfields the locations of the shock waves
are predicted quite accurately by the shock-capturing tech-
nique. However, the peak overpressure of the waves is some-
what dissipated, this being a predictable effect of the numeri-
cal method.

Figure 4 shows typical "#"-waves obtained 10 and 20
body lengths below a cone-cylinder in Mach 1.41 flow. The
results are compared with Whitham's theory and also with
the experimental results of Carlson.19 The location and in-
tensity of both shocks agree well with experiment but vary
somewhat from Whitham's theory. For this particular case,
it took approximately 2.5 min on the 360/67 to integrate 20
body lengths downstream for a 200-point grid in the y direc-
tion.

Conical Wing-Body Combination

The ability of shock-capturing techniques to correctly pre-
dict flowfields which contain complicated shock and expan-
sion wave patterns offers a new tool to the aerodynamicist
who is interested in determining surface forces and near field
effects as a result of the nonlinearity of the equations about
supersonic aircraft. In this section the compression side of
the flowfield about a conical wing-body combination at angle
of attack is determined (Fig. 5). The conical body and
planar delta wing combine to yield favorable interference ef-
fects by increasing the maximum lift-drag ratio. The opti-
mum configuration is obtained when the wing's leading edge
and the shock generated by the body intersect. This particu-
lar configuration is also of interest because the flowfield
generated about it can be used as a starting solution for more
complicated, nonconical configurations.

A spherical coordinate system is chosen because it is con-
formal for the conical wing-body combination; i.e., the body
lies parallel to two of the coordinate directions. The metric
coefficients for this system are h\ = 1, fe = r, and /?,3 = f sin0,
and when substituted into Eq. (1) yield the form of the equa-
tions to be differenced. Since there exists a plane of sym-
metry and the wing's leading edge is assumed supersonic, it is
only necessary to solve for one-quarter of the entire flowfield.
The flowfield is discretized in the (#,</>) plane. The meridional
plane in which the wing is located can be varied to effect a
change in' the dihedral of the wing. The gas-dynamic equa-
tions are then integrated cyclically from r = l t o r = l + Ar
until there is little change in the flow variables, thus establish-
ing a conical flow.

In order to determine the effects of positive and negative
dihedral on the resulting flowfield, a 5.7° half-angled cone
with a planar delta wing was computed at 4.6° angle of at-
tack in Mach 6 flow. The wing angle was varied in order to
keep the body shock coincident with the wing's leading edge.
The surface pressure distributions for the 0° and ±5° dihe-
dral cases are shown in Fig. 6. The results obtained for the
0° case are compared with the approximate theory of Savin.20

For the 5° dihedral case the surface pressure distribution is
found to decrease over the entire body when compared to the
0° dihedral case, and it is necessary to increase the wing angle
(decrease the sweep) in order to keep the body shock coinci-
dent with the leading edge. The —5° dihedral case has the
opposite effect.

The present theory and experiment21 are compared in Fig. 7
for a 12.5° half-angled cone with a 65° swept delta wing in
Mach 5.08 flow. The point of intersection of the body shock
with the wing predicted by theory for the a = 0° case varied
somewhat from the experiment. Some of this variance is
believed to be a result of shock, boundary-layer interaction
effects. However, the surface pressure coefficients for both
angles of attack agree well with the experiment. For the
problems solved in this study a 30 by 11 mesh was used.
Each calculation required approximately 15 min of computer
time on the IBM 7094 computer system.

Fig. 5 Coordinate system and mesh description for
conical wing-body combination.

Delta Wing

The supersonic flowfield surrounding a lifting delta wing
with supersonic leading edges has been the object of many
theoretical and experimental studies in the past. The pur-
pose in this section is first to determine the flowfields on both
the compression and expansion sides of a planar delta wing,
and second to combine these two solutions at the trailing edge
forming an initial data plane which can be integrated down-
stream to give the inviscid flow in the wake of the delta wing.

Compression side calculations have been made by such
investigators as Fowell,22 South and Klunker,23 Babaev,24

Beeman and Powers,25 and Voskresenskii.26 The flowfield on
this side of the delta wing poses no great problem for the sharp-
shock techniques used by these investigators, and they ob-
tain comparable results. The computational region is bounded
by the body and by the attached bow shock.

Expansion side calculations have been attempted by
Fowell,22 Babaev,27 and Beeman and Powers.25 This flow-
field is somewhat more complicated than the compression
side since at some distance inboard of the leading edge an
embedded shock wave is produced as a result of the super-
sonic crossflow velocities. Babaev in his computations ac-
counted for the embedded shock wave but somehow failed to
predict the correct values of the flow variables in the constant
flow region between this shock wave and the leading edge.
Beeman and Powers, in their method of characteristics pro-
gram, ran into difficulty in fitting the embedded shock and
simply assumed it to be an isentropic compression, resulting in
dislocation of the embedded shock.

In the past no attempt has been made to determine the
complete inviscid flowfield in the wake of a lifting delta wing.

20 40 60 80 90
MERIDIONAL ANGLE, <t>, deg

Fig. 6 Variation of surface pressure distribution with
wing dihedral for wing-body combination.
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Fig. 7 Comparison of shock-capturing technique with
experiment for conical wing-body combination.

The flowfield is not only complicated by the existing compres-
sion and expansion side flowfields, containing various combi-
nations of shock and expansion waves, but also by the newly
generated trailing-edge shock and expansion waves. This
class of problems is a good test for the usefulness of shock-
capturing techniques.

As in the problems discussed previously, the boundary
conditions helped dictate the choice of the coordinate system.
Orienting the wing in the Cartesian system shown in Fig. 8 in
which the axis of the wing coincides with the x axis and the
surface of the wing lies in the (x,z) plane, one can define the
conical coordinates, normalized with respect to the tangent of
the wing angle /3 as follows:

f = x, y = y / ( x tan/3), £ = z/(x tan/3) (10)

where 77 = 0 corresponds to the plane of the wing, £ = 0 to
the plane of symmetry, and £ = 1 to the wing's leading edge.

Using this nonorthogonal coordinate transformation on the
Cartesian form of Eq. (1), one finds the following equation:

E'f + F' + G', + H' = 0 (11)

where

E' = fE, F' = (F/tan/3) - r?E,
G' = (G/tan/3) - , and H' = E

The integration of Eq. (11) is performed with respect to f ,
since the equation is hyperbolic with respect to that coordi-
nate. The flow variables p, p, u, v, and w are, therefore, de-
termined from the conservative variables E'. This neces-
sitates the solution of the following five simultaneous, alge-

:>~'~~—QUIESCENT REGION

-COMPRESSION SIDE
SHOCK

'COMPUTING REGION

Fig. 8 Coordinate system and mesh description for delta
wing.

0 METHOD OF LINES
(SOUTH)

o SHOCK-CAPTURING
TECHNIQUE

Fig. 9 Spanwise pressure
distribution on compres-
sion side of planar delta

wing.
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braic equations:

ES = a = {pu, = b = {(kp
E,1 = d =

p = p(i - u1 - tf - w
(12)

where a, 6, c, and d are known after each integration step.
The solution of these five equations is:

v = c/a, w = d/a

+ (£2 - 4AC)1/2]/2A
(13)

where
A = 1 - k, B = -b/a, C = k(l - v* - w*)

p = o/fw, p = p(l - u* - v* - w*)
The positive sign appearing before the radical in Eq. (13) is
used because u (the f component of velocity) is supersonic
throughout the entire field of integration.

The procedure for determining the conical flowfields on the
windward and leeward sides of the delta wing is similar to that
used in the conical wing-body problem. Equation (11) is
integrated cyclically from f = l t o f = l + Af until conical
flow is established for the boundary conditions imposed.
Plane of symmetry boundary conditions are applied at the
left-hand boundary (see Fig. 8) of the mesh since the flow-
field is symmetrical to it. The uppermost part of the mesh is
chosen such that it remains entirely in the freestream, and
the boundary conditions there are fixed accordingly. Exact
boundary conditions are applied at the right-hand side since
these can be computed from the oblique-shock or Prandtl-
Meyer relations which apply along supersonic leading edges.
Two types of boundary conditions were tried at the wing sur-
face; both required that the normal component of velocity be
zero, one used the reflection principle for all of the remaining
dependent variables, and the other applied in addition a con-
stancy of entropy where appropriate. The results indicate
that the simple use of the reflection principle is adequate
throughout.

30 40 50 60 70
PERCENT OF SEMISPAN

Fig. 10 Compression side shock shapes.
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Fig. 11 Spanwise pressure distribution on expansion side
of planar delta wing.

For both the compression and expansion side calculations,
initial conditions are supplied by using the values of the flow
variables in the freestream. Initially most of the grid points
are at freestream conditions, and it is not really necessary to
difference these undisturbed points. Therefore, a check is
coded into the program to see how far from the body a dis-
turbance has propagated, and a "freeze-out" is imposed on the
integration of the points above this disturbance. This proce-
dure saves as much as 30% in computing time.

After the complete flowfield is determined on both sides of
the delta wing, the two solutions are combined at the trailing
edge to form an initial data plane for which Eq. (11) can then
be numerically integrated downstream through the wake.
In this case the only boundary condition imposed is that the
freestream exist along all edges of the mesh where symmetry
does not apply.

A simple stability analysis based on the amplification
matrix can be performed to yield ratios of step size to mesh
interval in each direction for the conical coordinate system.
These ratios are defined by the following equations:

Af/Aiy = f const/(|(7maxi/tan/3| + \yma*\) (14)
where

and

where

o-maxi = [\uv\ + c(u* + v2 - c2)1/2]/^2 - c2)

= r const/(|(7maX2/tan/3| + |£ma*|) (15)

= [\uw\ + c(u* * - 2c2)1/2]/^2 - c2)
Dividing Eq. (15) by Eq. (14) will give the optimum mesh
ratio (A?7/A£), based on local linear theory.

Equations (14) and (15) indicate that any instability should
occur where 77 and £ are maximum. For this particular prob-
lem this should occur in the freestream. Experimental
stability studies do, in fact, show evolving instabilities in the
region undisturbed by the body. When freeze-out is used,
the onset of an instability is forced into the disturbed region
and a larger step size is therefore possible. For a compression
side calculation Eq. (14) was used to govern the step size.
The strong shock that formed usually varied little in intensity
along its length, and therefore, appeared to be quite sharp.
It was therefore not critical to use the optimum mesh ratio
(A?7/A£) in the vicinity of the shock wave. However, in per-
forming an expansion side calculation which entailed captur-
ing a weak embedded shock, it was necessary to use the opti-
mum mesh ratio (A??/ A£) in order to obtain a sharply defined
shock wave. In computing the wake flow, some sacrifice in
resolution of the embedded shock wave had to be made in
order to use the same mesh ratio for both compression and ex-
pansion side calculations.

MO, =3, a-3° o COMPUTED 0
A =50° —— LINEAR THEORY

Fig. 12 Pressure and load distribution on planar delta
wing.

Computations were performed to determine the flowfield
over the compression side of a 50° swept, planar delta wing.
Figure 9 shows the results of those computations for angles of
attack of 5°, 10°, and 15° at Mach 4. The semispan pres-
sure distributions are compared with the results of South and
Klunker23 who used a method of lines technique (sharp
shock). South in turn made comparisons with Voskresen-
skii22 and found good agreement, and with Babaev24 and
found poor agreement. The present results substantiate
South's good comparison with Voskresenskii. Figure 10
shows a comparison of the shock shapes for the above flow
conditions. There is very little disagreement with South's
results. The shock shape obtained using the shock-capturing
technique was located using a weighted gradient technique
coded into the program.

The surface pressure coefficient on the expansion side of a
45° swept delta wing in Mach 3 flow for 4°, 8°, and 12° angle
of attack is shown in Fig. 11. The results are compared with
a method of characteristics technique devised by Beeman
and Powers,22 who chose to neglect the weak crossflow shock,
assuming instead an isentropic compression. The disagree-
ment in the location of the embedded shock is believed to be
the result of their assumption. However, the pressure dis-
tributions on either side of the shock are in good agreement.
The grid size used for these problems consisted of 34 points
normal to the body and 26 points parallel to the body, and
computation times were on the order of 10 min on the 360/67.

The results obtained for the compression and expansion
side flowfields of a 50° swept delta wing at 3° angle of attack
in Mach 3 flow are compared with linear theory in Fig. 12. It
is interesting that although there is considerable disagreement
between the two theories for the individual surface pressure
distributions and a slight disagreement in the load distribu-
tion, there is almost no variation in the plot of lift coefficient
vs angle of attack.

The complete inviscid flowfield in the wake of a 55° swept,
planar delta wing at 1.8° angle of attack in Mach 2.7 flow was
determined after having first determined the compression and
expansion side flowfields. The results of this calculation

-.IO-.05 0 .05 .10
AP

P

Fig. 13 Windward, centerline pressure distributions be-
neath planar delta wing.
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which were displayed in movie form clearly show the forma-
tion of the trailing-edge shock wave on the leeward side and
expansion wave on the windward side. The formation of the
secondary recompression shock on the windward side is also
clearly recognizable. Figure 13 shows the plane of sym-
metry compression side shock locations, and normal pressure
distributions between the plane of the wing and the free-
stream at various stations downstream. The pressure curves
shown were faired through the numerical data, and the actual
shock waves did not appear as sharp discontinuities but were
spread over two mesh intervals.

All results shown for the wake flow were obtained from an
integration of the full Eulerian equations over a 68 by 32
mesh. About 30 min of CPU time on an IBM 360/67 were
required to carry the solution from the trailing edge to 33
chord lengths behind it. The calculations were monitored
from a CRT, and instabilities were suppressed when they ap-
peared by modifying the advancing step size directly through
the CRT interface. This increased the real time computation
to about 40 minutes without significantly increasing CPU
time.

Conclusions

A case has been presented for the reliability of a second-
order, shock-capturing numerical technique based on the
predictor-corrector differencing scheme proposed by Mac-
Cormack. It has been demonstrated that this approach is
capable of handling complicated, multishocked flows and
would therefore lend itself to the solution for flowfields over
quite complicated configurations. It has been shown to yield
good results in comparison with other applicable methods and
with experiments in which viscous effects are not predomi-
nant. These comparisons are presented for simple body
shapes, triangular wings, and simple triangular wing-body
combinations. Extensions to wings with camber and thick-
ness as well as nonconical bodies with attached wings are ob-
vious eventualities. Immediate applications, are possible in
the area of near field sonic boom definition for which the use of
a shock-capturing technique should prove to be of consider-
able value.
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